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Abst rac t - -An  algorithm for evaluating first-order Hankel transforms using Filon quadrature phi- 
losophy is presented. In Filon quadrature philosophy, the integrand is separated into the product 
of an (assumed) slowly varying component and a rapidly oscillating component. The former, in the 
present problem, is h(p)p and the latter is J1 (rp) (see equation (1.2)). Only h(p)p is approximated 
in the basic subinterval, instead of the entire integrand being approximated. Since only h(p)p has 
to be approximated, only a relatively small number of subintervals i  needed. In addition, the error 
incurred is relatively independent of the magnitude of r. 
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1. INTRODUCTION 
A previous paper [1] was devoted to the numerical evaluation of zero-order Hankel transforms 
using Filon quadrature philosophy. The present communication discusses the corresponding pro- 
cedure for first-order Hankel transforms; the details are very different from those in [1]. However, 
we assume that  the reader is familiar with [1] in order not to repeat certain calculations needed 
in the algorithm. 
The transform in question is 
// H(r) = h(p)Jl(rp)pdp. (1.1) 
However, we replace equation (1.1) by finite limits: 
b f 
H(r) = Ja h(p)Jl(rp)pdp, (1.2) 
as we can always find an upper limit b that  approximates infinity for a particular h(p). In what 
follows, we will find it convenient to define h(p) _= h(p)p, so that equation (1.2) now reads 
b 
H(r) = ~ h(p)Jl(rp) dp. (1.3) 
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Consider the integral 
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2. OUTL INE OF  ALGORITHM 
P2k+2 
Hk(r) = h(P)Jl(rp) dp, (2.1) 
J P2k  
which is effectively a double panel of three quadrature points: P2k+2, P2k+l, P2k, where 
P2k+2 -- P2k+l = P2k+l -- P2k = 6. (2.2) 
These panels are a subset of the larger interval [a, b]. 
Following Simpson's quadrature method, we assume that h(p) can be approximated by a qua- 
dratic 
h(p) = Cl + c2(p - P2k+l) + c3(p - P2k+i) 2 (2.3) 
over the range (P2k <_ P _< P2k+2), where the c's are as yet unknown. As shown in [1], we have: 
C1 = h2k+l, 
C2=~ 
c3 = ~ h2k+2 - 2h2k+l + h2k , 
where h(P2k+2) = h2k+2, etc. 
The first and second derivatives of h(p) will also be required; they are: 
~+~: ~1(~:  _~ ~+~ ÷ ~) ,  
(2.5) 
~ _- ~ ( -~ + ~-  ~) ,  
and 
h~-- ~2 ( ~t2k-t-2  2h2k+l nt- h2k). (2.6) 
Next integrate Hk(r) by parts twice, noting that 
f Yi (x) dx -- - Jo(x). (2.7) 
A straightforward calculation yields 
Hk(r) : _1 [h(P2k+2)Jo(rp2k+2) - h(p2k)Jo(rp2k)] 
r 
1 
+ -~ [h'(p2k+2)Ro(rp2k+2)- h'(p2k)Ro(rp2k)] (2.8) 
r-13 h"R1 (rp2k, rp2k+2), 
where 
~0 x Ro(x) - Jo(Y) dy, 
Rl(Xl,X2) - Ro(y)dy. 
1 
(2.9) 
The numerical evaluation of these two integrals is discussed in the Appendix. Equation (2.8) is 
the basic building block of the algorithm. 
(2.10) 
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To evaluate the integral over [a,b] (i.e., equation (1.3)), divide the interval, as in Simpson's 
method, into an even number of subintervals N, each of length 5, so that 
b = a + NS. (2.11) 
Thus, 
so that 
where 
H(r)  = 
(N-2)/2 
E Hk(r), 
k=0 
(2.12) 
r 
1 - + - -  
(N-2)/2 
1 ~ (~t2k+ 2 -- 2h2k+l + h2k)Rl(rp2k, rp2k+2) 
52r 3 ~ 
k=O 
(N-2)/2 
1
25r 2 E 
k=0 
QkRo(rp2k) (2.13) 
Q0 = h2 - 4hl  + 3~t0, 
(2.14) 
Qk = h2k+2 - 4h2k+l + 6h2k - 4h2k-1 + h2k-2. 
Equation (2.13) is the basic expression for the Filon-Simpson Jl-Hankel transform algorithm. 
The error incurred in equation (2.13) is proportional to the derivatives of h(p) rather than 
to the whole integrand, hence the errors are relatively independent of r. We have not made an 
attempt o estimate the error involved in using equation (2.13), as even the error involved in 
Filon's original scheme for finite-range Fourier integrals is still a matter of controversy [2]. 
We should not expect as much accuracy from this algorithm as from the corresponding algo- 
rithm for the zero-order Hankel transform [1]. The reason is that in the zero-order transform, we 
are able to approximate h(p) itself by a quadratic over the basic double panel, whereas we are 
now forced to approximate h(p) = ph(p) over the same double panel with the resultant loss of 
accuracy. 
In evaluating the various J-Bessel functions, we employed Mason's algorithm [3], which is 
probably the most accurate currently available. 
Applications to some physical problems (in optics) will be discussed in a separate publication, 
along with the calculation of the inverse transforms via the sampling expansion. 
3. NUMERICAL  EXAMPLE 
As a numerical example, which possesses an exact solution, consider [4] 
= ; (1 - p )1/2, 0 _< p _< 1, 
H(r) = 7rJ~(r/2) 
2r ' 0 < r < oc, 
=0,  r----0. 
Numerical calculations were performed for N = 100,200. The absolute rror at r, 
(3.1) 
lerror(r)[ = IH(r)ex~ct - H(r)computedl, (3.2) 
is listed in Table 1 for some representative alues of r. Increasing N from 100 to 200 only results 
in a decrease of the absolute rror of about one-third. The error is reasonably constant as r is 
made to increase in magnitude, as expected. Other smooth integrands we tested yielded roughly 
the same behavior. 
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Table 1. Absolute error × 10 -6 between exact solution, equation (3.1), and computed 
solution. 
r 
4 
6 
8 
10 
16 
20 
30 
40 
50 
60 
70 
80 
90 
N= 100 N= 200 
7.9189 2.7387 
31.646 11.204 
27.309 9.5824 
4.5222 1.6796 
9.9629 3.5828 
8.4380 2.8422 
14.600 4.9577 
15.471 5.2171 
11.980 3.9800 
5.618 1.8047 
1.669 0.6057 
7.894 2.5625 
11.488 3.5603 
APPENDIX  
This appendix is devoted to the numerical evaluation of the integrals in equations (2.9) and 
(2.10). We commence with Ro(x): 
Ro(x) =- Jo(Y) dy. (A.1) 
Fortunately, accurate approximations that cover the full range (0 < x < c~) are available in [5]. 
For the range 0 < x < 4, we have 
7 (x,2k+1 
Ro(x) = E (-1)k ak \-~] + e(x), (A.2) 
k=O 
where le(x)l < 6.10 -9. The coefficients ak are listed in Table A.1 for convenience. For the range 
4 < x < 8, we have 
Ro(x) -- 1 - Jo(Y) dy, (A.3) 
since 
9fo ~ Jo(y) dy = (A.4) 1. 
Also 
Jo(Y) dy = Re x-1/2e i(x-~/4) ( -1)  k bk \5 ]  
k=O 
(A.5) 
+ iE ( - -1 )kCk(4  ) +e(X), 
k--O 
where le(x)l _< 2 .10  -s. The b and c coefficients are listed in Table A.2. Finally, the range 
8 <_ x < cc is also covered by equation (A.3) with 
Jo(y) y Re . - -  ( -1 )  k 
k=0 (A.~) 
k=0 
where ]e(x)] S 6.10 - l°.  The d and e coefficients are listed in Table A.3. 
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Table A,1. Expansion coefficients for equation (A.2). 
k a k 
0 4,000000000 
1 5.333333161 
2 3.199997842 
3 1.015860606 
4 0,197492634 
5 0.025791036 
6 0.002362211 
7 0.000133718 
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Table A.2. The b and c coefficients for equation (A.5). 
k 
0 0.124611058 
1 0.031280848 
2 0.023644978 
3 0.022007499 
4 0.016236617 
5 0.007390830 
6 0.001496119 
bk Ck 
0.797848790 
0.049635633 
0.023664841 
0.018255209 
0.012422640 
0.005434851 
0.001076103 
Table A.3. 
k 
0 0.0623347304 
1 0.0040403539 
2 0.0010089872 
3 0.0005366169 
4 0.0003992825 
5 0.0002755037 
6 0.0001270039 
7 0.0000268482 
The d and e coefficients for equation (A.6). 
dk ek 
0.7978845600 
0.0125642405 
0.0017870944 
0.0006740148 
0.0004100676 
0.0002543955 
0.0001107299 
0.0000226238 
The  funct ion  
~x 2 RI (X l ,X2)  =- Ro(y)  dy 
1 
is most  easi ly eva luated  by Gauss  quadrature ;  we omi t  the  detai ls .  
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